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Anomalous Dispersion Corrections Computed from Self-Consistent
Field Relativistic Dirac-Slater Wave Functions*

By Dox T. CROMER

University of California, Los Alamos Scientific Laboratory, Los Alamos, New Mexico, U.S. A.

(Received 23 December 1963 and in revised form 8 October 1964)

Anomalous dispersion terms, 4f and 4f’’, have been computed for elements number 10 through 98

for five commonly used X-ray wavelengths. Oscillator strengths were calculated from self-consistent

field relativistic Dirac wave functions which included in the potential Slater’s approximate ex-
change contribution and Latter’s self-interaction term.

Introduction

In recent years, as counter devices have come into
common use, it has been routinely possible to measure
the effects of anomalous dispersion in X-ray diffrac-
tion experiments. The importance of this effect has
been pointed out by Templeton (1955). Dauben &
Templeton (1955) have published values of the
anomalous dispersion corrections for most of the
elements, as calculated by the method of Parratt &
Hempstead (1954). An extension of Dauben & Temple-
ton’s (1955) calculations is given in Infernational
Tables for X-Ray Crystallography (1962). These cal-
culations require a knowledge of the oscillator
strengths and the manner in which the photoelectric
absorption coefficient varies with the wavelength of
the incident X-ray. An attempt has been made to
improve the previous calculations by using atomic
wave functions to obtain the oscillator strengths.

Initially, the Hartree wave functions recently
computed by Boyd, Larson & Waber (1963) were
used for calculation of the oscillator strengths. It
was soon clear that, for heavy elements in particular,
wave functions obtained by the simple Hartree model
were completely inadequate for this purpose. The
method was then checked with wolfram and uranium
relativistic wave functions which had been calculated
by Cohen (1960), and the results were considerably
improved. Then, relativistic wave functions, which
had been computed by Liberman, Waber & Cromer
(1965), became available for all atoms. These rela-
tivistic wave functions include Slater’s (1951, 1960)
approximate exchange correction, and Latter’s (1955)
self-interaction term; hence we call them Dirac-Slater
(DS) wave functions. The final set of oscillator
strengths and dispersion terms in this paper was
obtained from these DS wave functions.

* Work performed under the auspices of the U.S. Atomic
Energy Commission.
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Theory

The theoretical treatment as given by James (1948)
will be summarized. The total atomic scattering
factor, f, is in general complex and is given by

f=fot+ Af " +iAf" (1)

where fo is the atomic scattering factor for radiation
with frequency much higher than any absorption
edge and Af’ and Af” are the real and imaginary
components of the anomalous dispersion. Neglecting
damping, which is of importance only when the
incident frequency is within about 10-4 of an absorp-
tion edge (Parratt & Hempstead, 1954), Af’ is given by

3 (7 widg/dw)
Af _%‘ka wf— Ao @

where the summation is over all the absorption edges
and
wr=frequency of the absorption edge,

wi;=incident frequency,

(dg/dw)i=oscillator density of type k at fre-
quency o,

(dg/dw)rdw=the number of virtual oscillators
of type k having frequencies
between w and w-+dw.

The imaginary component, Af", is given by

where the summation is again over all of the absorp-
tion edges.

If we knew the functions (dg/dw)x we could calculate
Af’ and Af” directly from equations (2) and (3).
These functions are not known, although Hénl (1933)
has made satisfactory calculations for the K electrons
assuming them to be hydrogen-like. Honl has also
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Table 1. Calculation of oscillator strengths for uranium

Li
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H HD DS

1-358—2*  1-116—-2 1-121 -2
1-358 -2 1-089—2 1-:094—2
5-027—-3 3736 -3 3-727-3
5-027—-3 4-294—3 4-314—-3
2-398-3 1-761 -3 1-759—-3
2-398—-3 2:075—-3 2:101-3
1-153 -3 8-408 —4 8469 —4
1-153—-3 9-925 -4 1-012—-3
4-432—4 3-361—4 3:541—4
4-432—-4 3:767—4 4-069 — 4

—6:050—2 —4-832—2 —4-806—2 23-7784

—6050—2 —5505—2 —5477-2
3-120-2 2-795—2 2:823-2
3-120—-2 1-744 -2 1-773 -2
1-188—2 1-060—2 1-063—2
1-188 -2 7-510—-3 7-642—-3
5446—3 4-830—3 4-866—3
5446 —3 3-497-3 3:573—-3
2:076 -3 1-912-3 2:012—3
2:076—3 1-321-3 1-428 -3

1-358—2 1-116 -2 1-121—-2

—6:050—2 —4-832—2 —4-723-2 23-7784

1-145—-2 1-036 —2 1-060—2
5-074—-2 3:704 —2 3-710—2
4-175—-3 3-825—3 3-888—3
1-722 -2 1-389—2 1-392 -2
1-953—3 1-784 -3 1-816—3
7-079-3 5741 -3 5:830—3
8:220—4 7-714—4 8:078—4
1-488—3 1-048 -3 1-581—3
2-230—4 2-209—4 2:622—4

1-358 -2 1-089—2 1-094—2
—6:0560—2 —5:506—2 —5477-2
1-145—2 2:096—2 2:125-2
5074—2 4-851—-2 4-856—2
5-074—2 4-855—2 4-863—2
4-175—-3 6-769—3 6-784—3
1-722—2 1-615—2 1-606—2
1-722 -2 1-682—2 1-680—2
19533 3-:077—3 3-084—3
7-079-3 6-533—3 6:568—3
7-079—-3 6-824 —3 6-903—3
8:220—4 1-323—-3 1-364—3
1-488~3 1-189—3 1-774—3
2-230—4 3-787—4 4-421 -4

* The notation 1-358 — 2 means 1:358 x 10-2,

H HD DS
01325 A 01297 A 01302 A
0-1288 0-1247 0-1251
0-1139 0-1113 0-1116
0-1133 0-1104 0-1107
0-1100 0-1075 0-1078
0-1099 0-1073 0-1076
0-1091 0-1066 0-1069
0-1091 0-1066 0-1068
0-1089 0-1065 0-1066
0-1089 0-1064 0-1066

17-5177  16-4805
3-8523 2-7245 2:6842
0-7824 0-7494 0-7462
0-7552 0-7118 0-7081
0-6300 0-6074 0-6038
0-6270 0-6007 0-5970
0-6018 0-5798 0-5756
0-6017 0-5783 0-5741
0-5968 0-5740 0-5696
0-5968 0-5738 0-5694
0-1325 0-1297 0-1302

17-5177  16-4801
0-8238 0-8006 0-7990
0-7508 0-7188 0-7162
0-6515 0-6343 0-6318
0-6351 0-6143 0-6117
0-6189 0-6014 0-5982
0-6146 0-5955 0-5922
06125 0-5940 0-5906
0-6116 0-5927 0-5892
0-6116 0-5927 0-5892
0-1288 0-1247 0-1251
3-8523 2-7245 2-6842
1-0036 1-0648 1-0641
0-8973 0-9249 0-9222
0-8901 0-9128 0-9099
0-7591 0-7895 0-7868
0-7369 0-7588 0-7559
0-7363 0-7569 0-7539
0-7152 0-7392 0-7354
0-7095 0-7303 0-7264
0-7094 0-7300 0-7260
0-7067 0-7280 0-7239
0-7054 0-7261 0-7219
0-7054 0-7261 0-7219

Observed

0-1310 A
0-1260
0-1123
0-1114
0-1084
0-1082

0-1074

0-7479
0-7102
0-6042
0-5988
0-5766
0-5750

0-5706

0-8052
0:7200
0-6355
0-6148
0-6011
0-5947

0-5920

1-0671
0-9224
0-9106
0-7704
0-7566
0-7546
0-7361

0-7263

0-7252
0-7224
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applied his method to the L electrons but the ap-
proximation of hydrogen-like L electrons is not as
good. Eisenlohr & Miiller (1954) have also applied
Honl’s method to the L electrons for several atoms.

It is possible to relate the functions (dg/dw): to
the photoelectric absorption coefficients and to the
oscillator strengths and, with certain assumptions
regarding the absorption coefficients, perform the in-
tegration of equation (2). The total oscillator strength,
gk, for the K continuum is given by

gx = Sm (dgjdw)xde . )

wkK

The atomic photoelectric absorption coefficient u(w)
is related to dg/dw by

(dg/dw) = (mc/2m%e?) u(w) (5)

where the symbols m, ¢ and e have their usual meaning.
Thus the oscillator density can be determined em-
pirically from experimental values of u(w).

The variation of u(w) for a particular edge is fairly
well represented by the empirical formula

for w> wi

plw) = { oyt (6)

0 W< Wi

where w; is the frequency of the edge, u(wz) is the
absorption coefficient at the edge, and = has a value
of the order of 3. Unfortunately, » varies, depending
on the particular edge involved, and is a function
of atomic number. Uncertainty in the value of =
is a serious defect in the present analysis; further,
the assumption made in equation (6) is not strictly
valid.

If equations (5) and (6) are substituted into (4)
we get

gr = Soo (me/2n2%e?)u(w)dw

Wz

me ® (wr\"
— Wi\
gk = 5 ezlLL(wk)S ( ) w

72 ok
me ok
= . 7
g 2722 n—1 p (o) (7)

If » and u(wr) are determined from experiment,
gr can be calculated from (7). Another method of
calculating g, will be discussed below.

Equations (5) and (6) can be substituted into (2)
resulting in

Afy = PR IR (8)

wp (WF— 00"

me A° wido
2726 u(wk) wp S
Equation (8) has been integrated for the general
case by Parratt & Hempstead (1954). These authors
give expressions for Af, for various values of n as
functions of gx and z, where z= wi/wx.

Substitution of equations (5), (6) and (7) in (3)

gives
" mc wWi\"
Afy = T2 @ (a) s(wk)

n—1

Afi = = g 9)

an-1
where 2= w;/wr as before. The dispersion terms for
the whole atom are then obtained by using ap-
propriate values of » and summing equations (8)
and (9) over all the absorption edges.

Experimental values of u(w) are not available for
all atoms and it is difficult to determine u(w) with
accuracy. Thus there are few experimental values for
oscillator strengths. It was therefore decided to
calculate these quantities from the Hartree wave
functions which have recently been computed.

Table 2. Oscillator strengths for wolfram and uranium

Wolfram Uranium

Edge H HD DS Hénl H HD DS Hénl
1s} 1-04 1-24 1-24 1-15 0-96 1-30 1-30 1-12
2s% 0-88 113 1-10 1-35 0-64 1-04 1-03 1-28
2p} : 1.2 1-24 0-66 1-27 -2

Pg 089 > 3-55 Bl g,
2p3 2-31 2-33 2:31 2-18 2-20 218 f

3s} 0-83 1-01 1-01 0-51 0-87 0-87

3p} 1-15 1-36 1-33 0-78 1-22 1-19

3p3 315 3-05 2-98 293 2:82 2:74

3d3 4-67 4-37 425 3-97 3:59 3-50

3d3 6-57 6-54 6-35 5-42 5-35 5-25

4s} 0-86 0-78 0-81 0-60 0-67 0-68

4p} 0-89 0-88 0-91 0-69 0-80 0-82

4p3 2:43 2:39 244 2-61 2-49 2-49

4d3 3-17 2:80 2-88 418 3-42 2:43

4d3 445 420 434 5-78 5-29 5:37

412 10-76 10-62 10-60 10-74 10-46 10-46

4f7 14-56 14-47 14:48 14-13 13-98 13-98



P

Y048 €€°9-  9Z°G 2T°9- €891 BE€°9~  29°T2 B89°CT~ LT°HT HT°LT- ed)

YLOL %29~ S0°S 59—  L1°9T 00°9- LL*0Z 60°2[- ZH°€Z SL°ST- g 25°1 %6°0- ST°Z %970~  89°9 €0°1- €€'6 9972~ 46°IT S€°9- 1
9L €€°9-  §8%% $8°9~  €5°ST 89°G=  18°1Z 42°TI- 05°2Z 81°4T- eHD T9°1 20°1- 00°Z 69°0- 12°9 §8°0- 9°§ 81°z- OI°Il 6L°%= 31
9T°L TL°9-  49°% 29°L- 8 51 T5°S~  [6°0Z 16°6~  69°1Z 9T 41~ su¥ T°T TI°T- 9870 6L°0- BL°S Ll°0- 80°9 08°1- €€-°0T LL-€- 8
68°9 50°8~ 4%y ZE°G-  Zz°4T B1°S-  50°02 £5°8-  09°0Z £1°4I- end 22°1 zz1-  €i°1 18°0- L€°S 89°0- 0S'L €b°I- 0976 207C- NS
26%6  19°1-  12°% 95°0T- B9°€1 66°%~ 12°61 28°1-  6S°22 GE*4T- edN €1°1 sg:T- 09°1 88°0- 865 19+0- 9679 62°1- 6878 Se7z- NI
9111 0T°9-  60°6 61°6~  90°€1 58°9=  0%°81 €2°4-  45*12 0L°2T- D S0°T I§°T-  6%°T 5§670- 29y 95°0-  §v79 90°1- 278 00°Z- Q)
9L°0T §8°%-  4i°8 6L°L-  25°21 OL%= »9°L1 89°9-  69°2Z 18°T11- evd l6°0 €171~ 1€°1 €0°T- 1Z°» %§°0- 9675 06%0- 29°L 91— 9V
62°01 §6°¢-  8E'8 B1°L-  S6°TT 19°4=  €8°91 12°9-  §9°12 €1°01- Kl 06°0 $0%2- 12°1 €1°1- S6°€ 2670~ 2§°5 @L°0- 907 9E7I-  Od
18°6 L€'~  40°8 6B°9~  05°T1 25°%-  90°91 §8°S~  §9°0Z €6°8- eIV 4800 99°7- SI°T »2'1- 19°€ 16°0- 21" 69-0- 5679 HI'1- Wy
29%6  18°Z-  19°L 069~ 9L°01 15°h-  91°GT 29°G-  05°61 51°9- vy ol+b 885~ 60°1 LE'T- GE'E 1§70-  yi'h 29°0-  90%9 96-0-  N¥
€06 69°2-  4E°L Zytl-  52°01 9%°%-  €4°41 2€°6- 9581 B€L-  wyi 28°¢ 10°2-  20°1 S§°1- SI'E 15°0-  Ob's 9570-  €9°5 08°0— 11
29°8 91°Z-  26%6 Z0°6-  69°6 994~  S9°El T1°6-  95°41 28°9-  eN¥ Ts'¢ z2+1-  €6°0 6L°1- 68°Z 6°0- h0'y 45°0- 91'§ 2L°0-  OW
928 68°T-  1%°6 08'6- 61'6 Ly°h-  G6°Z1 %6°%-  99°91 9€°9-  elV 72°€ €10~ 98°0 61'2- 89°2 B8S°0- L' 550~ 8L°y 990- 8N
88°L $9°1-  QU°TT OL°G-  2L°8 1§°4- 82721 18°%- 6L°51 86°6-  +0d €6°2 19°0-  81°0 SI°€- 2Zy°Z 29°0- L€ 4§70~ T€°» 09°0- W7
26°L Sy T-  S9°0T 9S4m  12°8 LS*4-  G9°11 €L°%- 6641 04°6- 18 L9°z 81°0- 00%%y 96°2~ 122 19°0- 80°€ 9570~ ¥6'E 1S70- A
8I'L 82°1- BI-0T 6L°€~ €8°L %9°%- €0°T1 99°4-  61°41 v4°6- 84 €907 10°0- €9°€ Y§'l- 00°2 €1°0- 08" 6§70~ 8S7E LS70- S
$8°9 €1°T- TL°6 T12°€~  6€°L 2L %= 14701 29°%»  6€°€1 2276~ 11 02°z Z1°0  62°€ 68°0- 18°1 08%0- €5°Z €9:0- €Z°¢ 85°0- €Y
$5°9 00°T-  82°6 4L°Z-  %0°L 08°%~ 26%6 16°9-  9L°Z1 20"6-  e9H 86°1 T2°0  9b°2 1v°0- 29°T 88°0- 92°Z 89:0- 6872 0970-  -wh
¥2°9 06°0-  48%8 9E°Z- €£9°9 €6°%-  SE€*6 85°%-  20°Z1 68°%- OV 6i°T 2£2°0 8972 12°0-  9%°1 96°0- 407 4i°0- 097 4970~ a9
$6°S 18°0~  €4°8 $0°Z- 429 80°S-  08°8 09°%-  T£°11 6L°h- 14 19°1 zEt0 25z 20%0- T€°1 90°1-  €8°1 18°0- €77 69°0- 35
69°S  2L°0-  60°8 LL°T~ %6°S 22°S- LE8 £9°%-  L1°01 TL°%~ 1 se° T §€°0 Loz 2100 4151 21°1- 99°1 8870- 6072 vl 0-  =5¥
. €%°S $9°0-  89°L 45T~  99°G 6€°G-  §6°L L9°h- €201 §9°%- SO 62°1 9€°0  46°1 T12°0  0°T T1e°1- 9%°T 16°0- 98°T 18°0- 39
BI°S 09°0- 4€°L 4F°T1- LE°S 867G~ L§°L €L°h-  $L°6 29°%-  3u L1°1 B€°0  SL°1 62°0  86°0 S» - LETT €0°1-  4L°T 4870-  e¥9
€6°% 65°0-  66°9 LTI*T-  10°S €8°S- 4I°L 28°%~ 81°6 19°%~ M £0°T L1£°0  5°1 €€°0  %8°0 €231- LI°T .1°1- 6%l s6-0- N7
0L*% 15°0-  S9°9 €0°T- 8L°% 11°9- 41°9 Z6*%-  19°8 €9°%- vl 16°0 9€°0  9€71 €70 §L°0 sl°z-  v0-l Teo1- €€l SO0TI- M)
BY% 840 €9 06°0- S5 €9°9-  09°9 %0°G-  52°8 §9°%-  IH 09°0 SE*0  02°1 €70  19°0 02°€- €6°0 84°I1- 6I'T SI°I-  IN
: 92°% 9%°0- €0°9 08°0- %09 eT*S-  LL°L %= N1 1L*0 9€°0  90°1 LE*0  §6°€ 1s"Z-  ¥8°0 L'~ l0°1 8Z°I-  0O)
90°%  4%°0-  GL°S 0L°0- 8L°S €€°S-  €4°L 9L*%- 9A 29*0 2£°0 26°0 L£°0 S°€ E1°T1-  4L°0 T1Z°Z- 46°0 LlY°T1- ad
. 8R°C  29°0-  6%°S 29°0- 955 b4°S-  ZUL 28°4-  ehl 46°0 06°0  08°0 9£°0  O00°€ 0570~ 4970 B8L°€- 28°0 SL°T-  NW
89°€ Z9°0~  22°S  95°0- $2°S 0L°S-  SL9 Z6°h-  u3 9v°0 12°0  69°0 €0  66°Z7 €1°0- €8°€ l671- 1L70 82:Z- W)
0S°€  29°0~ 66°% T15°0-  TS°€ %0°%T- S6°% 16°S- LE°9 40°G- OH 07°0 $2°0 09°0 T€°0 €2°2 01°0 627¢ #8°0- 2970 Zliw- oA
Y€€ Z9°0-  €L°% 970~ €1°8 €8°6-  6L°5 42°9-  91°9 9T°S-  AQ 4€°0 €200 150 6270  06°T 420 08-Z 6270~ €L7€ €3°1- o1l
LU'E €4°0-  8%°% Z4°0- 12°8 T1€°6~  25°% $9°9-  28°S €°S- 91 62°0 02°0  €5°0 92°0 291 €£°0  8¢*Z 200  BI'E 9970-  e3S
00°€ 94°0-  42°% 04°0- Z.°0T 81°6= 12°% 91°L-  6%°S SS°S- 09 v2e0 81°0  9C°0 %2°0  »E€°T 9€°0  86°1 1270 %972 91°0- eV
$8°Z 94°0- €0°% 6E°0- L1°01 68°6- 40°% 88°L- 61°§ T18°6- N3 0z°0 9170  0f%0 12°0  TI°L 10  59°1 1€70  61°Z T11°0 X
0L°Z 89°0- 28°C BEv0- 26°11 20°9- 28°€ €0°6- 26'% €1°9- s 9r*0 €1°0 20 81°0 6870 9¢°0  2e°1 9€70 LT Llz7O  ouy
9572 T6°0-  09°¢ B€-0- 2211 S5°%- L€ €9°Z1- 09°% 15'9-  eud €170 11°0  61°0 SI*0  22°0 €€°0  10°1 9¢*0  2»°1 Z€70  *1)
19°Z 95%0-  25°C 6€°0- $9°0T OL°€- 8878 6€°01- 9€°% L0°L-  ON Ol°0 6070  91°0 €1°0  65%0 T1€70  98°0 $€°0  SI'T 9€°0 =S
82°2 85°0- ZZ°€ 070~  S0°0T 10°€- LE°8 22°0T- 80°% T18°L-  e¥d aD*0 80°0  ZI°0 T1°0 990 12°0  89°0 2€°0 0670 SE'O  «d
ST°2 29°0-  $0°C 29°0~ 846 G4°z- 4L°01 [9°8- 28 96°8- 39 90°0 90°0  60°0 60°0  9€°0 €270 €570 62°0  0L*0 €E°O  *IS
20°2 1970~  98°Z 40~ 06°8 10°2- S4°21 60°i- SS°€ 9L°TI- evi €0°0 §0°0  20°0 10°0  12°0 61°0  6£0 $2°0  €5°0 62°C eIV
88°1 €L°0- 99°Z 84°0- 0£°8 99°1- 09°T1 »1°5-  18°8 €8°0T- ev§ €070 50°0  <n°0 $0°0  61°0 SI*0  62°0 02°0  6€°0 ¥2°0  s9H
9L°T 6L°0-  6%°Z €5°0- SL°L O0%°T-  €8°01 %0°%-  6I°T1 95°01- 53 20°0 €0°0  40°0 50°0 5170 21°0  12°0 9I*0  12°0 0Z'O VN
291 128°0- 0€°Z 65°0- SI°L 02°1- 66° €2°6- 6Z°01 T€<T1- oix 700 20°0  26°0 €070  O01°0 6070 510 21°0  6I°0 SI°O 3N
AN A S B R WY gv mow N W7 B WY v N gv  wmoy

1
Loysy Loyol loyny Loyaa Loyan Toyly 1o JoW Trsm) Toyed o3I1D

86 Ybno4Y] O] Sjuowa]e Jof suLLd] U0ISLAASIP SNOPUWOU T O[qR],

ANOMALOUS DISPERSION CORRECTIONS

96°ET  44°0T 64°S  9v°C  TS°2  L2°0  49°0  €6°% 92°f 69°Z §I°1 280 l1'Z 6z°1 00°1 47 15°8 OIS l6°Z 041 20°T s5°Z  TE°T  6I1°T  z2'l 3
96°€T %4701 0$*S €9°€ 1S°2  81°0 S9°0 00°S 62°€ 02 SI°1 €8°0 11°2 82°T 001 g 6678 1L°6  86°Z 04"l 10°T 1§72 2€°1 611 zZ°l !
L6°€T $%°01 0S°S 29°€  0S°Z  61°0 99°0 10°6 T€°€ 12°Z 9I°T 80 1I'z 82°1 To°1 W) 858 Il°s  66"Z  Th°1  BO'T  09°Z  €€°1T  02°1  22°1 a
L6°E€T  SH°0T L%°S  2%°€  0S°Z 08°0 99°0 T1°§ GE€°€ 222 L1°1 »8°0 11°2 12°T 10°1 Wy 65°8  2l°S  00°€ 24T  60°1  €9°Z Y€1 T2°1 227t 8s
B6°€1 94°0T 9%°6 Tv°€ 0s°Z 18°0 19°0 L1°S @E°€ 2L°Z @I°1 §8°0 901°Z [L2'1 20°1 nd 098 zz°s 107 2y°1  60°T 99tz  9E'1  z2tl  Zz2l NS
86°€T 94°01 T19°S €%°€ 6%°2 18°0 89°0 12°S Sv°€ €2°Z eI°1 980 81'Z 92°1 20°1 aN 09-8  €l°¢  zo"€ €41 O1°1  69°Z  l€°1 2z°1  22°1 NI
B6*€T 99701 LE°S €9°€ 647 28°0 89°0 S$2°S 0S°€  4.°Z 6I'T 18°0 8I'Z 9Z°T €0°l n 1908 sre w00C wilo0DTD ciz ee0l €2l gzt 03
66°€T 15°01 62°S  9%°C 8y €870 69°0 2°S CI°€ §.°Z 0Z°1 88°0 6I°Z §2°1 €0°l vd o olE SOl il QUL sz 0wl veil €21 oy
66°CT 99°01 82'S €9°C Ly°2 €8°0 0L°0 €S 29°¢ s.°2 02°T 88°0 61°Z 62°T €0°1 H1 298 aLie s07€  shil O1U1 08z zy'l 4201 €201 0¢
N K : . : N : . . N . . . . . 29°8  GL*6 60  4%'1  01°T  98°Z  €%°1 SZ°T €2°1  H¥
00°%T 8%°0T €2°S 1%°€  8%°Z 58°0 T1L4°0 6E°S S9°¢ Ll°2 12°1 68°0 6I°2 S2°1 40°1 v £9'%  6i'6  60°¢ te T OI°1 . . . .
T0°4T 69°01 B1°S  8€°€ 852  §8°0 T2°0 €%°§ 89°¢ 8.°z 22'1 06°0 02°2 SZ°T 0°1 vy fon  tree oNE B Sy iz osnlogl gzl
. . . . . . . . . . . . - . - 6°Z 9yl 92T 421 i
Z0°5T 6%°01 €I°S  SE°C  8%°Z §8°0 21°0 8%°s 1L°€  61°Z €2°1 16°0 12°Z  %2°1 §0°1 ¥4 bR oIS  80°¢ z4°T OI°1 00°¢ 841 i2°1 szl o
€0°4T 0S°0T 80°S 2€°€ 8%°2 98°0 €2°0 4§°S  4L°€  18°Z %2°1 26°0 122 42°1 50°1 Ny o8 il°¢  SO°E  Tv°1  60°1 G0-f  0eeT  meel  seel  om
50°4T T15°01 €0°S 62°€ 85°2 18°0 4L°0 6§°G LL°€ 28°Z $Z°1 €6°0 22°7 42°1 90°1 It 99°8  LL°S  00°€ 29°1 60°1 60°€  4$°T 82°1 62°1 I
S0°%T1 2S°01 86°y S2°€  8%°Z  18°0 SL°0 §9°S 18°€ €8°Z 62°1 46°0 22°Z 42°1  90°1 04 198 81 96°7 15°1 60°1 E1°€  1e°T 62z°1 <cz°1 A
20°%1 €5°0T 26°% 22°€C R%°Z  88°0 9L°0 O0L°S S0°E 482 92'1 46'0 €2'z vZ°1 l0°1 18 89°8  6L°S  06°2 6E°l 80°T LT°€  6S°T O€T ©2°1 ¥
80°4T 4§°0T 18°% 61°C  B8%°Z 68°0 O9L°0 91°6 88°€ 98°2 L2°1 §6°0 52*Z 42°1 10°1 99 0L°8 08°¢ 98°2 l€°T 80°1 zz°€ 29T 1€'1 9z°1 8y
0T°%T 95°01 08°% 9T°€ 842  68°0 [L°0 €8°S 26°¢ 18°Z 82Z°1 9670 %2'Z %2°1 10°1 1 61°8  28°S  08°Z SE'T  60°T LZ°€  49°T ZE'l  92°T  wWwd
ZT°4T LG°0T 4L°%  €1°€  8%°2  06°0 BL°0 68°S 96°€ 88°2 62°1 1670 $2*Z %2°1 80°1 oH 18°8  48°S  €2°7  2€°T 60T 2€°€  99°T €€°T L2°1  ¥§
»1°%1 6S°01 19°% 60°€  6%°Z 06°0 6L°0 96°S 10°% 06°Z O0¢°1 86°0 92°Z %2°1 60°1 nw 88°8  98°5  99°z  62°1 60°T 9¢'€  69°1 S€°T l2°T 3
12°6T 65°01 T19°%  #0°€  8%°2 160 6L°0 £0°9 S0°% 26°2 O0€°T 86°0 212°2 ¢2'1 60°1 1o 96°8  88°S  65°Z  92°T 60°1 4%°€  2L°T  9€°T  82°T SV
ZE%1 65°0T €5°% 00°€ 15°2 06°0 08°0 T1°9 OI'% 46°2 T1c°1 66°0 82°7 ¢€2°1 60°1 ¥l €0°6 066 2s*2 .22°1 80°T 1€  S2°T L€°T 62°T 39
8E*5T 09°0T Lv*s  96°2 9%°2 16°0 080 81°9 SI*4 96°2 2€°T 66'0 62°2 €2°T 01°1 so 506 B6°S  S¥°Z  6I°T L0°T 85°€  6L°T LE*T 62°1  ¥D
€9°4T 09°0T 09°% 26°2 G%°Z 16°0 08°0 12°9 02°% l6°2 2€°T 00°T1 0€°2 €2°T OI°1 L €0°6  20°9 0Y°Z I1°T S0°T 99°€  €8°1 BE°T O0E°T N7
85°51 09°01 %E€°% 88°2 4%°Z T6°0 18°0 SE€°9 S2°¢  86°2 EE°T 101 Te*Z 42°1 OI'1 n 00°6 009 2%z BI°1 €0°T 6L°€  48'T 8€°T 0€°l  nd
Sv°41 99°01 82°% S8°7 2%°Z 16°0 18°0 55°9 1€y  6E€°Z  L€°T  10°1  2e*z  4Z°1  1I°1 vi OT1°€ ST°T  €0°T 96°€  68°1 L€°T T€T  1n
19°9T 0L°0T %2°% €R°Z 0%°Z 16°0 28°0 S5'9 Ll€°% 66°Z SE°T  20°1 €€°2 4%2°1 11°1 aH 94°¢  HI°T  10°1 O1°s  98°1 1€°T T€°T 03
sCsT TL°0T 22°% 18°2  8€°Z  26°0 28°0  §9°9 4%y 00°€  9E€'T 20°1 €€°Z 42°T 211 n €8°€  2I°T  00°1 »2*%  l8°1 L€°1 Z€°1 34
€2°%  28°2  1£°7  26°0 28°0 9L°9 1s°% 00°€ 9€°l €O°T 4E°z 2T  2I°T 94 12°%  0I'1 860 uC* 68°T L€°T €€°T  NW
Ll 0877 S€°Z  26°0 €8°0 00°L €5°% 00°€ lE€°T €0°T s€°2 §2°T 2ZI°1 i 82°% €1°1T  46°0 I4°5 6"l Le'T1  4e-l vy
2€°S  BL*Z FE€°Z  26°0 €8°0 2Z°L 4S°%  66°2 L€'  €0°1  9€°2 §2°T €1°1 ¥l L9y 0%°T  €6°0 2574 10°Z 9€°l  s€°T A
88°S  9L°Z 1€°Z 760 €8°0 S4°L 95Ty  66°Z L'l  40°T 9€°z §2'1  €I°1 (] €0y €101 1670 bSey  Z1°Z  9€°1  9f-1 1
959 GL*Z  62°Z 16°0 €8°0 19°L 85'% 862 lE€°T 401 l€°2 §2'1 €I°1 Aa 18°%  80°Z 180 l6°%  12°2 SE€°T lE°T IS
To'L  €1°7 12°Z 1670 €8°0 881 09°s 86z LE'l 40°1 8€°z ¢2°T 4I°1  zz°1 a1 68°h  44'Z7 €870  @S*y €27z SE'T  GETT W)
e1+6  Loss $2'z 160 28°0 92°8 S5y  96°2 LE'T s0°1 6E2 €2°T 1T  22°1 G 10°5 05z 9270 65"y 6272  9€'1 04T %
L1°8  69°2 22°2 16°0 €8°0 62°8 S9°% 1672 RE'T  40°T 0%°Z 9Z°T 4I°T Z°°1 r 01°s sz 9970 mu“n MM“M MM““ m“" uu

9L°8 19°2 0z°z 06°0 28°0 8%*8 89y 96°2 ge"T 40°1 142 9z 1 S1°1 22°1 WS

6L°8 12°¢ Lz 06°0 28°0 698 88y 96°2 134 S0°1 [4284 s2°1 ST°1 2zt Wd 19°% oc*Z 01 51 s

29y 1€°2 6€°1 6%°1 d

€8°8 SL°E 412 68°0 28°0 158 90°S 96°2 L1541 s0°1 92 L2°n 91°1 2z OoN boey 262 gee1 o
18°8  1¢*»  11°Z  §8°0 180 258  42°S  $6°Z @€'l §0°1 §yez  Lz°T 91T 22°1  ¥ud ey ezl oS
16°8 18y 80°2 18°0 18°0 £6°8 19°s 56°2 1344 s0°1 152 82°'1 911 2zt 32 89°4 Ye2 Mn-_ ww.ﬁ MM
16°8 009 50°2 L8°0 08*0 $5°8 69°5 £6°2 Le°1 40° T 8v*2 82°1 L1t 2zl vl Sl°y L€z zz*1 291 VN
66°8 10°9 00°2 58°0 08°0 95°R 0L*s $6°2 ge°T 50°1 0s°*2 62°1 L1t 22°t va 18°% 09°Z Z1°1 99°1 aN
£0°6 €0°9 16°1 48°0 08°0 95°8 oL's 96°2 (1341 90°1 2s°2 oE"“T AT 1 <z L)

< 2104y zsedw 24505 2rc0y 2/€dw 2/law 2/1SS 2/SQE 2Z/€0E Z/€df  2/1d€  Z/1SE  2/€4Z 2/142 2/1SZ 2/1ST WOV 2/508 2/€0€ Z/€d€ 2/1dE /ST Z/€dZ  2/T4Z Z/TSZ T/IST WOV

86 ybrowys 0T spuowa)a sof syibuaLis L0080 *g d[qel,



DON T. CROMER

88¢-68
196-L€
PIL-CE
L0G-6€
GEL-1E
G8¢-08
¥6-92
4 24
GE3G-61
GI9T-LT
9LP-CT
8¥8-€1
§600-8

1€9-0%
01L-8¢
GI8-9¢
96G-%¢
L69-G8
68618
1€L-L2
LET-¥8
618-61
SOL-LT
8L6-G1
11691
00€¢-8

V989
096-99
€0S-€9
€L9-09
6LZ-8¢
GI€-9¢
8G9-1¢
€L6-9%
LG 1Y
036-8¢
§G9-9¢
0S¥%-9¢

TLLS-6

936-3L
$02-0L
616-L9
OL¥-%9
G98-19
969-6¢
999-%¢
9€9-6%
§66-6¥%
Fe1-1¥
16L-8¢
¥8€-9¢

1316-6

8¢6-66
G18-06
T1L-L8
9¥¢-¥8
838c-18
8¥%9-8L
L08-3L
9L6-99
SL¥-09
063-L¢
S6%-¥¢
GLL-1G

919-L1

€8-811
82-v11
9L-601
66-701
¥$L-001
¥$66-96
866-88
86218
900-€L
€30-69
£€8%-99
$60-39

GLY-61

€3-2€1
G8-L31
€9-331
SP-LIT
06-GI1
98-801
83001
996-16
¥61-€8
8¥6-8L
8¥I1-GL
G9%-1L

PI1-9¢

GG-3I¢
GL-€08
66-768
L6-98¢8
L¥-LLE
89698
$0-€92
06-6€2
6€-038
18616
GL¥08
Lg-L6I

866-GL
G98L-6%
L19-61

Ipe

£€G-0€¢
G8:06¢
S8 11¢
85-10¢
L&-363
96-€86
9L-69g
9€-8%2
69082
L0-333
96-€1¢8
00-906

6¥8-LL
8LL-0S
116-61

e
o3py

8%-GLE
L0-99¢€
18-%6¢
83-¥9¢€
GE-¥8¢
06-73¢
69-60¢
06-982
G8-L98
¢g-868
GL6PC
PI-198

996-86
860-89
816-1¢

€090-1

fdg

s3reqpAy o1 sjTU)
S pun 7 o UOYVINIVI Y} UL sabpa uoyd.osqn sv pasn sangpauabia Pagopov)) G B[R],

0%-L9%
G0-3S¥
60-LEP
01-33¥
68:L0%
¥¥-¥68
GL-L9E
08-2¥%¢
90-L1¢€
£€6-70¢€
%6638
62283

a¥-LOT
S¥L-BL
160-€¢

6¥%L0-1

§dg

68-96%
G¥-08%
98-79%
LZ-6%¥%
8V-$6¥
$¥-02¥%
$9-36¢8
$0-99¢
98-68¢
§¢-L2¢E
9g-G1¢
09-€0¢

97611

88%:¢8
£06-6¢

6¢3I1-G

0-99%1
G-08¥1
8-9681
S-19€1
0-82€1
¥-G631
G-0€G1
€-L911
0-GOTI
¥-¥LO1
L-¥%01
§-GT0T

LI-¥LY
€6-09¢
80-L61

091-81

399G
GLIV T

$dg

G-9G81
€-1081
8:-LPLI
€-9691
SPPo1
89681
L-66¥1
9-80%1
0-18€1
L-8LGT
8:-L831
6:-L6T11

16-G1¢
91-GLE
G6-90G

¥€€-81

69L9-G
8GL¥1

$dg

€-6161 1-€666
0-8981  G-6€EL6
G-808T  L-06%6
¥¥GLT  0-LVC6
€:¢0LT  9-8006
81691  9-GLLS
8-69¢I  8-33¢E8
¥-09%1  8-L88L
9-0LET  T1-69%L
€:LTET  0-993L
§-G831  1-L90L
¥-¥¥61  G-GL8I

€9-€%¢ 1-93¢€¢
61-868 T-0¥98
G¥-38¢ L-¥¥CI
€8-6€1
$0-0€1
69-031
99-111
90-€01
[L8-76
9¥8-G¥
GL6-0%
1€€-9¢
606-18
G83-Lg
860-€6 GG-6€38
10L-61
L0991
PeL-€1
LET-T1
867L-8
LGLSG-9
L6EL-F  €08-8L
6LLI-€  LLO-€9

$sg o1

bie)
1q
w)
~ﬁ4\
ng
dN
ed
oy
11
ﬁm
WV
oq
SH
. Em
oxX
a7,
.HVH
g
og
sy
9)
ko)

28
8D

awy

n

v
3N
BN
oN

wory



22 ANOMALOUS DISPERSION CORRECTIONS

The quantities g(k, n) are the quantum mechanical
analogues of the classical oscillator strengths. These
quantities are proportional to the transition prob-
ability of an electron going from state £ to state =
and thus are proportional to the coordinate matrix
elements. The Thomas—Reiche-Kuhn sum rule states
that for a one-electron atom,

Zg(k’ n)=1 s

and it can be shown that for a many-electron atom
the sum of the oscillator strengths is equal to Z, the
atomic number.

Wheeler & Bearden (1934) applied this sum rule
to obtain the oscillator strengths without the extra-
polation of the continuum of the hydrogen-like atom
used in the Honl method. Recall, from equation (4),
that gx is given by the integral of the oscillator
density from wy to infinity, then this integral plus the
transitions to all bound states is equal to unity by
the sum rule. Therefore, for the K electrons,

gx = 2{1—- X g(K, m)} (10)
where g(K, m) is the oscillator strength of the virtual
oscillator associated with the transition from the
state K to the state m. The sum has to be taken
over the relatively few occupied states. For other
edges, the factor 2 in equation (10) is replaced by the
multiplicity of the initial state. Wheeler & Bearden
(1934) applied this method to the K edge only and to
only a few atoms, there being few wave functions
available at that time. This method has apparently
not been again used until the present.

Bethe (1930) has given expressions for the oscillator
strengths of hydrogen-like atoms for transitions
nl — n'l’. These expressions depend on the energy
difference and transition probability. The Hartree
wave functions could be used directly with Bethe’s
formulae but it is in principle more accurate to correct
the Hartree energy levels by applying spin and
relativistic corrections. These corrections split the
p, d, and f states into two levels characterized by
the three quantum numbers nlj, with the new levels
having multiplicities (2j+1) where j=1+}.

Bethe’s formulae for the oscillator strengths can
no longer be used after the relativity and spin correc-
tions have been applied. Dr James Young, of this
Laboratory, has derived the expression for the oscilla-
tor strength of the transition from the state nlj to
the state n'l’j’. Young’s formula is given below.

gni] =4AEmax(l, N2+ W5, 1, 5% 3 DI

0 2
xF[S P,*;,,rp,,ld-r]. (11)
o

Here, the primes denote the final state, 1E is the

energy difference in Rydbergs between the initial

and final states, the factor (2j'+1) gives the mul-
tiplicity of the final state, ¥ is the Racah coefficient
(Racah, 1942), F’ is the fractional occupancy of the
final state and P is r times the Hartree radial wave
function. The integral is the coordinate matrix
element (n'l'\r|nl) and its square is proportional to
the probability of spontaneous transition from the
state nl to the state n'l’.

When the relativistic wave functions described by
Liberman, Waber & Cromer (1965) are used, the integral
in equation (11) is replaced by

g [AkrAn vy + (=1 T BYrBayldr  (12)
(i}

where A and B are, respectively,  times the major
and minor components of the wave functions.

Initial calculations of oscillator strengths

The K oscillator strength for caesium was initially
computed from the Hartree (H) wave functions, by
using equations (10) and (11), in order to test the
method and the computer program. The results
essentially duplicated those of Wheeler & Bearden
(1934). Spin and relativity corrections (Slater, 1960)
were applied to the H eigenvalues. Differences between
computed eigenvalues were used to obtain AE for
use in (11) rather than using experimental values of
AE. This was done for convenience and also because
experimental values of AE are not available for all
transitions of interest for all elements.

More extensive oscillator strength calculations were
then made for wolfram and uranium. The results for
these heavy atoms did not agree well with Honl’s
(1933) values and it was clear that the H wave func-
tions were inadequate for this purpose. Relativistic
Hartree-Dirac (HD) wave functions without exchange
were available for wolfram and uranium (Cohen, 1960).
The calculations were repeated with these wave
functions and the results were considerably improved.

As an example, values of the individual terms used
to calculate the oscillator strengths of the four inner-
most absorption edges of uranium are given in Table 1.
The values from the H, the HD and the DS wave
functions (DS wave functions were finally used for
all atoms) are given so that the effect of better

approximations to the true wave functions can be
seen. The energy differences in Table 1 are given in
terms of wavelength. The Hartree AE values for
many transitions differ appreciably from experimental
values but it can be seen that this error is minor as
compared with the error in the transition probabilities
computed from these wave functions.

Table 2 lists, for wolfram and uranium, the oscillator
strengths calculated from the three different wave
functions. Hoénl’s (1933) values are also listed for
comparison.
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Oscillator strengths and dispersion terms
for elements 10 through 98

At this stage of the investigation the DS wave
functions became available for all the atoms. Oscillator
strengths were computed for elements 10 through 98
and these values are listed in Table 3. For elements
10 through 17, four absorption edges were considered;
for elements 18 through 28, seven edges; elements 30
through 54, nine edges; elements 55 through 70,
fourteen edges and for elements 71 through 98,
sixteen edges were considered. Note that for neon
and argon, for which the total number of electrons
in the atoms is included in the edges considered,
the sum of the oscillator strengths equals the number
of electrons; thus the sum rule is satisfied.

The dispersion terms Af’ were then computed by
using Parratt & Hempstead’s (1954) solution of
equation (8) and summing over the various edges
considered. For all atoms, n=11/4 was used for the
1s} edge, n="7/3 for the 2s} edge and for all other
edges, n=5/2 was used. These are the same values
of n used by Dauben & Templeton (1955). The
dispersion terms Af’’ were computed from equation
(9), again by summing over the various edges. Cal-
culations were made for five different radiations in
relatively common use. The results of these calcula-
tions are given in Table 4. Values are given only for
sin /A=0. Although the dispersion terms are func-
tions of sin /4, the variation is so small that it can
be neglected in most crystal structure work.

The values of wg, the frequencies of the various
absorption edges used in equations (8) and (9), were
for the most part taken from the tabulation of energy
levels by Sandstrém (1957). Where Sandstrém does
not list energy levels, computed eigenvalues were
used for wr. The asterisk after an element in Table 4
indicates that one or more computed eigenvalues
were used in the calculations. Table 5 gives the
computed eigenvalues that were used.

These dispersion terms are, in general, not much
different from those calculated by Dauben & Temple-
ton (1955), because the oscillator strengths used here
are not much different from those previously deter-
mined by other methods. However, the dispersion
terms given here are probably as accurate as can be
computed by the present theoretical methods, because
reasonably accurate oscillator strengths have been

used and because the contributions of the various
absorption edges have been individually considered.
More accurate wave functions, such as relativistic
Hartree-Fock wave functions or those wave functions
with correlation effects included, would probably
not change the oscillator strengths very much.

The main limitations on the accuracy of these
calculations are the uncertainty in the value of »
in equations (8) and (9) and, more fundamentally,
the questionable validity of equation (6), in which
the exponential factor = is introduced. Also, for
incident frequencies near an absorption edge, the
exact position of the edge becomes of primary im-
portance.

Sufficient information is given in Tables 3 and 5
so that one can compute the dispersion terms for other
radiations or with other values of » for any atom.

I wish to thank Dr James Young and Dr James
Waber for many helpful discussions.
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